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Abstract

Ambiguous averse decision functionals and multiple-prior learning do not guarantee robust sta-
tistical decisions. There are misspecified learning problems in which an ambiguous averse DM
optimally chooses a sequence of ambiguous acts over a sequence of risky acts which would deliver
a strictly higher average utility.
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1 Introduction

The maximin criterion is the cornerstone of robust statistical decisions and decisions under am-

biguity. The first axiomatic approach to robust statistical decisions dates back to Wald (1950),

and proposes to interpret a statistical decision problem in the absence of a true model as a zero-

sum two-person game (Von Neumann and Morgenstern, 1947). To be robust, the DM protects

himself against the worst possible outcome by choosing the action with the least worst outcome.

In decision theory, Gilboa and Schmeidler (1989) provide an alternative axiomatization for an

equivalent rule,1 the Maximin Expected Utility (MEU). The MEU rationalizes the behavior of

a DM that violates the Savage (1954) axioms in the context of the Ellsberg paradox (Ellsberg,

1961). When facing the choice between bets on an urn with the same number of white and

black balls (risky urn) and bets on an urn with an unknown composition of white and black

balls (ambiguous urn), the modal DM prefers a bet on white or black drawn from the risky urn

to a bet on white or black drawn from the ambiguous urn.

The maximin provides guidance on how to make “safe” decisions in a static setting but

is silent about how to approach a dynamic problem in which a DM might learn something

1See Cerreia-Vioglio et al. (2013) for formal comparison of the two approaches
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about the true distribution of outcomes. A natural question is whether existing ambiguous

averse decision functional, when matched with known learning models, deliver decisions that

are robust to model misspecification (Watson et al., 2016; Hansen et al., 2016). An affirmative

answer would provide a foundation for the use of ambiguous averse functional in setting in which

a DM is uncertain about the true data generating process and wants to avoid decisions that

would make him feel regret and change his mind if he were explained the potential consequences

of his behavior — a desiderata of rationality, according to Gilboa (2009).

In this paper, I focus on a dynamic version of the standard Ellsberg (1961) two urns ex-

periment2, and I give a negative answer to this question. I study the performance of a DM

that learns according to the multiple-prior learning models (in possibly misspecified learning

environments (Marinacci and Massari, 2017)) and makes sequential decisions according to the

MEU.3 Leaving aside the cost of experimentation, which can be eliminated using a strategy

inspired by Raiffa (1961) critique, I show that the MEU/multiple-prior learning decision cri-

terion is not robust. For every prior support and compact set of priors, there are true data

generating processes such that an ambiguous averse DM chooses a sequence of ambiguous acts

over a sequence of risky acts which would deliver a strictly higher average utility almost surely

according to the true probability.

The statistical decision problem I study is akin to an online categorization problem. In every

period the DM guesses the color of a ball drawn from a new ambiguous urn and gets rewarded

only if his prediction is correct. For this type of statistical decision problem, it is known that

standard Bayes’ does not ensure decisions that are robust to model misspecification (Grünwald

and Langford, 2007). Standard Bayes’, which is equivalent to SEU matched with Bayesian

learning, fails to deliver robust decision under two types of model misspecification.

First, the learning problem might have a misspecified dependence structure. This type of

misspecification can generate a mismatch between the sequence of acts chosen by the DM and

the colors drawn. There are cases in which the average payoff of the DM is lower than that of

the static minimax, even if the frequencies of acts and colors are those we would observe if the

DM and Nature were playing the static minimax in every period. This problem is related to

the known suboptimal performance of the “fictitious play” learning rule in the repeated game

literature (Fudenberg and Levine, 1998). It is symptomatic of tension between the Bayesian

paradigm (on iid models), which treats all sequences with the same frequency as interchangeable,

2My findings generalize verbatim to the three colors urn experiment.
3My findings generalize with minimal changes when the MEU is replaced with other ambiguous averse decision

functionals in Definition 2 below — including SEU (Savage, 1954), KMM (Klibanoff et al., 2005); VP (Maccheroni
et al., 2006a,b) —, or with decision functionals describing incomplete preferences with inertia (Aumann, 1962; Walley,
1991; Bewley, 2002).
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and the objective of the DM, whose average utility might change dramatically between sequences

of draws and acts with the same frequencies.

Second, the learning problem might be misspecified in such a way that the Bayesian posterior

converges to a Dirac on a model which is “harmful” for the DM when used to make decisions

(Grünwald et al., 2017; Csaba and Szoke, 2018). This problem is symptomatic of tension between

the driving force of Bayesian inference — the posterior concentrates on the maximum likelihood

model— and the objective of the DM to identify the color with the highest frequency. Standard

results in Bayesian statistics guarantee that the Bayesian posterior converges to a Dirac on the

model with the highest likelihood (Berk, 1966; Marinacci and Massari, 2017); however, our DM

is interested in making the largest number of correct bets, not on the model with the highest

likelihood. When the maximum likelihood model does not attach the highest probability to the

color that occurs more often, a Bayesian DM learns a model that is not the one that makes him

chose the action that maximizes its average utility according to the true model.

In this paper, I show that both types of misspecification remain problematic even if the DM

adopts a more conservative decision criterion, MEU rather than SEU, and a more conservative

updating rule, multiple-prior learning rather than standard Bayes’. These two types of mis-

specification errors are qualitatively different; while the first problem cannot be resolved within

the MEU/multiple-prior model, I provide sufficient conditions on the parameters that ensure

avoiding learning a harmful model universally (i.e., on every path).

The paper unfolds as follows. In the next section, I qualitative present my findings. Sec-

tions 3 and 4 review the multiple-prior learning model, and describe the DM decision strategy,

respectively. In section 5 I prove the main result and provide intuition and examples. Section 6

discuss the two misspecification problems and refer to existing robust statistical algorithms for

this decision problem.

2 Qualitative exposition of the result

Consider an ambiguous averse DM that plays the Ellsberg (1961) two colors urn experiment a

large number of periods. The DM is facing two types of ambiguity: static ambiguity because

he does not know the composition of every ambiguous urn; and dynamic ambiguity, because he

does not know the law governing the evolution of the composition of the ambiguous urns.

Let start with a simpler problem with an intuitive solution. If draws were from the same

ambiguous urn with replacement and sampling from the ambiguous urns were costless, the DM

could sample for free until the empirical frequency reveals if there is a bias in the composition

of the ambiguous urn that can be exploited Müller and Scarsini (2002). Therefore, a “rational”
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(according to Gilboa, 2009, definition) DM should prefer bets on the ambiguous urns rather

than the risky.

However, our decision problem is more complicated than the above in two respects. First,

sampling from the ambiguous process is costly. A DM that sees this problem as a sequence

of unrelated choices might be unwilling to sample from the ambiguous process because of his

aversion to ambiguity. Second, our DM learning problem is harder than the above because the

ambiguous urn is not kept the same. The DM fears being in a misspecified learning environment

because of the difficulty of constructing a prior support that is guaranteed to contain the true

model.

I explore these two issues one by one.

First: the cost problem can be rendered nil.

Raiffa (1961)’s critique of Ellsberg’s paradox has thaught us that, at least in a static setting,

a (sophisticated) DM should not fear ambiguity because he can commit his choice to the outcome

of a randomization device (a coin).

“Suppose you withdraw a ball from the urn with unknown composition but do not look at
its color. Now toss a fair (unbiased) coin and call “white” if heads, “black” if tails. The
“objective” probability of getting a match is now .5, and therefore it is just as desirable to
participate in the second game (ambiguous urn) as in the first (risky urn)”. Raiffa (1961)

The Raiffa argument allows constructing the following strategy to explore the ambiguous process

facing risky payoffs. Because of the role played by objective randomization, I call this strategy

Raiffa’s Strategy, RS henceforth. RS prescribes as follows:

1) the DM bets on the ambiguous urn in every period;

2) in those periods in which the set of posteriors of the multiple-prior learning model imply

a lower MEU then that of the risky urn, the DM bets on a color at random;

3) in those periods (if any) in which the MEU of betting on black (white) in the ambiguous

urn is higher than that of the risky urn he bets on black (white).

Second: fears about model misspecification are well-justified.

I analyze the performance of a DM that follows RS and show that it does not deliver robust

statistical decisions. Even if the MEU and multiple-prior learning are more conservative than

the SEU and standard Bayes’, there are cases of misspecification in which a DM that follows

RS achieve a strictly lower average utility than betting on the risky urns that cannot be a priori

ruled out.
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3 Multiple-prior learning

The DM adopts the multiple-prior learning model of Chamberlain (2000). This model has been

axiomatized by Epstein and Schneider (2003) and used by Marinacci (2002) and Marinacci

and Massari (2017) to discuss long-run ambiguity in well-specified and misspecified settings,

respectively. Multiple-prior learning describes the attitude of a DM that holds more than one

prior distribution over a set of parameters and incorporate new information by independently

updating each prior according to Bayes’ rule. Formally, letM = {Pθ : θ ∈ Θ} be a family of iid

probabilities4 characterized by a parameter set Θ ⊂ Rn, defined on a σ-algebra Σ∞ of subsets of

X∞ with representative element x∞ = x1, x2, ...; where X∞ := ×∞X is the infinite Cartesian

product of a finite observation space X with representative element x and σ-algebra Σ. With an

abuse of notation, I use Pθ(x
t) to denote the probability that model Pθ attaches to the cylinder

with base xt, and the likelihood that model Pθ attaches to the partial sequence (x1, ..., xt). The

prior information about the parameters is summarized by prior distributions µ : 2Θ → [0, 1].

The set of prior distributions is C. For any prior distribution µ ∈ C the joint distribution of the

parameters and the observations is Pµ : 2Θ → [0, 1]. By definition, for all A ⊆ Θ I have that:

Pµ(A× xt) :=

∫
A

Pθ(x
t)dµ.

I denote by µ(.|xt) : 2Θ → [0, 1] the usual posterior given the observations xt, while Pµ(.|xt) :

Σ → [0, 1] is the one step ahead predictive distribution of xt+1, given observations xt. By

definition, ∀µ ∈ C:

Pµ(xt+1|xt) :=

∫
Θ

Pθ(xt+1)dµ(.|xt) :=

∫
Θ

Pθ(xt+1)
Pθ(x

t)dµ∫
Θ
Pθ(xt)dµ

.

The set of prior distributions C is assumed to be regular, to ensure that all models inM can

be unambiguously learned if correct (Marinacci, 2002; Marinacci and Massari, 2017).

Definition 1.

• If Θ is finite, a set of prior distribution C on Θ is regular if all priors attach a strictly

positive weight to every element of Θ.

• If Θ has positive Lebesgue measure, a set of prior distribution C on Θ is regular if all priors

are differentiable and uniformly bounded above and away from 0 on every θ ∈ int(Θ).

4Assuming that probabilities are iid is rather specific. This assumption is made WLOG for simplicity of exposition.
The same qualitative finding can be obtained when M contains standard probabilistic models such as finite Markov
models, at the cost of a more cumbersome notation and less intuitive definitions.
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4 Decisions: Raiffa’s Strategy

Let C be the space of consequences on which the DM has a bounded utility function u : C →

R. We consider one-step-ahead acts, i.e., Σ−measurable maps f : X → C that associate a

consequence to each observation in X. F is the space of available acts for the DM. The decision

criterion adopted by the DM depends on the quality of his prior information. In evaluating

an act in this scenario, the DM has to use a set criterion. In the first period, the DM has to

consider, for each act f , the set:

{∫
X

u(f(x))dPµ(.|∅) : µ ∈ C
}
.

Subsequently, as the DM incorporates past realization, xt, to each prior in C using Bayes’ rule,

the reference set becomes:

{∫
X

u(f(x))dPµ(.|xt) : µ ∈ C
}
.

To incorporate Raiffa’s argument in the decision problem, I enrich the DM’s action space

with an “objectivizing” act fr
∗
. In the Ellsberg’s two urn example, act fr

∗
consists in tossing a

coin to decide which color to bet on. As highlighted by Raiffa, fr
∗

reshapes the choice between

two ambiguous acts into a lottery with risky payoffs. Choosing fr
∗

the DM samples from the

ambiguous process facing risky payoffs.

I say that a DM follows Raiffa Strategy if he learns according to the multiple-prior learning

model and, in every period, chooses according to the MEU criterion in an extended action space

which allows for objective randomization (act fr
∗
). In every period, RS prescribes randomizing

if and only if the expected utility of the risky bet is higher than the expected utility according

to the least favorable posterior obtained from priors in C.

Definition 2. A DM follows Raiffa’s Strategy (RS) if in every period t after history xt−1, he

choses act

f∗t (xt−1) := argmax
i∈F∪fr∗

{
min
µ∈C

Eµ,t−1u(fi(xt)), Er∗u(fr
∗
(xt))

}
where Eµ,t is the expectation according to Pµ(xt|xt−1) and Er∗ is the expectation according to

the objective randomization device.
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5 Main result

Let us introduce four types of payoff-relevant learning outcomes. Next, I provide sufficient

conditions for all payoff-relevant learning outcomes to occur and show that harmful inconclusive

learning is a “necessary evil” of the MEU/multiple-prior decision criterion.

Definition 3. I say that RS delivers

• Useful learning on those path on which it prescribes randomizing a negligible fraction of

periods, and delivers a (weakly) higher average utility than repeated bets on the risky urns.

• Harmful learning: on those path on which it prescribes the same color a unitary fraction

of periods and delivers a strictly lower average utility than the risky urns.

• Harmful inconclusive learning on those path on which it prescribes randomizing a positive

but non-unitary fraction of periods and delivers a strictly lower average utility than the

risky urns.

• No-learning on those path on which it prescribes randomizing a unitary fraction of periods.

In this case, RS delivers the same average utility as the risky urns (by the strong law of

large numbers; see Lemma 1).

5.1 Useful learning

If the true probability is iid, a sufficient condition for useful learning to occur is that the

maximum likelihood model exists and attaches the highest probability to the color with the

highest true probability to occur. This assumption guarantees that the DM eventually learns

correctly that betting on one color in the ambiguous process delivers higher average payoff

than betting on the risky urn. Proposition 1, below, generalizes this intuition to non iid true

probabilities. It relies on the notion of strong maximum likelihood, SML henceforth, introduced

by Marinacci and Massari (2017).5

Definition 4. Given a path x∞ ∈ X∞ and a family of models M = {Pθ : θ ∈ Θ}, I say

that θ̂ := θ̂(x∞,Θ) ∈ Θ is the strong maximum likelihood (SML) model if, for every θ ∈

Θ limt→∞ Pθ(x
t)/Pθ̂(x

t) = 0.

Marinacci and Massari (2017) (Theorem 1) show that if the SML exists (and is unique) all

posteriors concentrate on a Dirac distribution on SML. Proposition 1 make use of this result to

demonstrate that RS delivers useful learning if the SML model exists and attaches the highest

probability to the color that has the highest empirical frequency; this condition holds almost

5Definition 4 coincides with that of Marinacci and Massari (2017), provided that the SML is unique.
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surely in well-specified learning problems when Pθ0 6= .5. Moreover, a classical application

of martingale theory guarantees that useful learning occurs (with equality) in well-specified

learning problems with Pθ0 = .5.

Proposition 1. Let M = {Pθ : θ ∈ Θ} be a family of iid Bernoulli distributions parametrized

by Θ. For all Θ ⊂ (0, 1) and every compact and regular set C of prior distributions, RS delivers

useful learning if

• x∞ : ∃θ̂(x∞) andPθ̂(x∞)(xb) > (<).5⇔ limt→∞
1
t

∑t
τ=1 Ixτ=b = t̄b(x

∞) > (<).5;

• the learning problem is well-specified (i.e., θ0 ∈ Θ).

Proof.

• By Marinacci and Massari (2017) Theorem 1, there exists a unique θ̂(x∞)⇒ all posterior converge

to a Dirac on θ̂(x∞). Because Pθ̂(x∞)(b) 6= .5 the same color is selected by RS for all large t.

WLOG, let x∞ be such that Pθ̂(x∞)(b) > .5 and limt→∞
1
t

∑t
τ=1 Ixτ=b = t̄b(x

∞) > .5; so that RS

prescribes betting on black on all large t and

ū(f∗) = t̄b(x
∞)u($100) + (1− t̄b(x∞))u(0) > .5u($100) + .5u(0) =Pa.s. ū(fr).

• Let Pθ0 be the true probability of black, by Marinacci and Massari (2017) Theorem 2, all posteriors

concentrate on a Dirac on Pθ0 . If Pθ0 6= .5 the condition above is satisfies almost surely. If Pθ0 = .5

RS prescribes randomizing a negligible fraction of periods (as an application of Tanaka formula

the DM randomizes at rate O(t.5)) and the DM average utility equals that of the risky urns

because RS is an adopted strategy on a martingale (Williams, 1991).

Although Proposition 1 is a positive result, its conditions depend on properties of the true

data generating process that cannot be known a priori. Its first line tells us that if all posteriors

concentrate to a Dirac on a model that does not attach equal probability to both outcomes, RS

delivers useful learning provided that that model attaches higher probability to the color with

the highest empirical frequency — a requirement that cannot be a priori guaranteed without

knowledge of the truth.

Its second line depends on the truth in an even more stringent way. It tells us that a sufficient

condition for useful learning to occur is that the learning problem is correctly specified; i.e., if

the DM eventually learns the true model.6

Example 1 illustrates Proposition 1.

6It is easy to show that the second condition holds in general: it does not requires models in M to be iid.
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Example 1 : consider a DM facing a series of ambiguous urns with balls of two colors: white (xwt ) and

black (xbt).

Acts: ∀t, the DM can choose between three acts


f bt : to bet on a black ball;

fwt : to bet on a white ball;

fr
∗

t : to use a fair coin to chose between f b and fw.

Consequence: ∀t, the DM payoffs are :

xbt xwt

f bt $100 0

fwt 0 $100

.

Beliefs: The DM believes draws are iid from two possible models: Θ = {θ1; θ2}, where, ∀t,

Pθ1(xt = b) = .2 and Pθ2(xt = b) = .8.

The DM has two priors on Θ: C :=
{
µ1, µ2

}
, with µ1(θ1) = .1 = 1− µ2(θ1).

• Useful learning occurs, with strict inequality, on all paths in which the average number of

black (white) exceeds that of white (black).

Proof: On all x∞ such that t̄b(x
∞) = lim

t→∞
1
t

∑t
τ=1 I{xτ=black} > .5

the posteriors calculated from both prior converge to θ = .8 :

 P (xbt |µ1)→ .8

P (xbt |µ2)→ .8

⇒ the DM chooses black, a unitary fraction of periods: for most t, f∗t = f b

⇒ ū(f∗) = t̄b(x
∞)u($100) + (1− t̄b(x∞))u(0) > .5u($100) + .5u(0) =Pa.s. ū(fr).

5.2 Harmful learning

Harmful learning occurs when the recommended color according to the most conservative prior

is not the color that has the highest frequency almost surely according to the truth. Proposition

2 provides a sufficient condition for harmful learning to occur.

Proposition 2. Let M = {Pθ : θ ∈ Θ} be a family of iid Bernoulli distributions parametrized

by Θ, if

P∗(b) = max
θ∈Θ
{Pθ(b) < .5} 6= 1−min

θ∈Θ
{Pθ(b) > .5} = 1− P ∗(b);

then, ∃Pθ0 : RS delivers harmful-learning Pθ0-a.s..

Proof. WLOG, let P∗(b) > 1−P ∗(b) so that D(.5||P∗) < D(.5||P ∗). Continuity of the K-L divergence

guarantees that ∃ε̄ > 0 : ∀ε ∈ (0, ε̄), Pθ0 := .5 + ε ⇒ D(Pθ0 ||P∗) < D(Pθ0 ||P ∗). By Marinacci and

Massari (2017) (Theorem 2), D(Pθ0 ||P∗) < D(Pθ0 ||P ∗) ⇒ for ever set of regular priors C, ambiguity

fades away and all posteriors concentrate to a Dirac on P∗. Because P∗(b) < .5, RS recommends betting

on white in all large t. Since the true probability of white is .5− ε < .5 the claim follows by the strong
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law of large numbers:

ū(f∗) =P.5−ε-a.s. (.5− ε)u($100) + (.5 + ε)u(0) < (.5)u($100) + (.5)u(0) =P -a.s. ū(fr).

The sufficient condition for harmful learning is the presence of an asymmetry between the

most accurate conservative and anti-conservative model on the probability of a color. This

asymmetry is potentially problematic because it guarantees the existence of a true (iid) model

such that the model in M with the highest likelihood does not attach the highest probability

to the color with the highest (true probability) empirical frequency.

Proposition 2’s condition does not depend on C. Therefore it applies to both the MEU/multiple-

prior decision criterion and the SEU/Bayes’ criterion. If the SML exists and it does not attach

the highest probability to the color with the highest true probability to occur both criteria rec-

ommend betting on the same incorrect color for all large t. Example 2, below, illustrates a case

in which the DM unambiguously learn a “harmful model” that makes him choose to bet on the

color with the lowest frequency.

Example 2: modify example 1 as follows:

Beliefs: The DM believes draws are iid from two possible models: Θ = {θ1; θ2}, where, ∀t,

Pθ1(xt = b) = .9, Pθ2(xt = b) = .4.

The DM has two priors on Θ: C :=
{
µ1, µ2

}
, with µ1 = [.5.5] and µ2 = [.3; .7].

• Harmful learnig. The true data generating process is iid with ∀t, P (xt = b) = .65, so that

lim
t→∞

Pθ1(xt)

Pθ2(xt)
=P -a.s. lim

t→∞

(
.9.65.1.35

.4.65.6.35

)t
= lim
t→∞

(.90...)
t

= 0,

and ambiguity fades away with both posteriors attaching probability 1 to model Pθ2 (by

Marinacci and Massari, 2017, Theorem 1). Using Bayes’ rule, the DM learns that model

Pθ2 is unambiguously the maximum likelihood model in Θ.

Ironically, his optimal choice given that he learned Pθ2 is to always bet on white.

Betting on white on all large t the DM obtains an average utility of .35u(100) P -a.s.;

less than what he would get randomizing in every period: .5u(100) P -a.s.;

less than what he would have gotten if the had he learned Pθ1 : .65u(100) P -a.s..

Next, we present a sufficient condition that prevents harmful learning universally (i.e., on every

path).
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Proposition 3. Let M = {Pθ : θ ∈ Θ} be a family of iid Bernoulli distributions parametrized

by Θ, if  P∗ = maxθ∈Θ{Pθ < .5} = 1−minθ∈Θ{Pθ < .5} = 1− P ∗,

and ∀θ̂ ∈ Θ,∃µi ∈ C : µi(θ̂) = maxθ∈Θ µ
i(θ)

.

Then, there are no paths x∞ on which the RS delivers harmful learning

Proof. The symmetry assumption on the models in the prior support ensures that the maximum

likelihood model attaches the highest probability to the color with the highest true probability; the

symmetry assumption on the set of priors ensures that a color cannot be recommended when it does

not correspond to the recommendation of the maximum likelihood model.

Proposition 3’s condition has two parts. First, it requires symmetry between the most

accurate conservative and anti-conservative models on the probability of a color: this condition

guarantees that if there is an SML model this model must be useful. Second, it requires a

symmetry condition on the set of priors to prevent those cases in which ambiguity persists and

an asymmetry on the set of priors dominates the symmetry in the prior support.

5.3 Harmful inconclusive learning

With inconclusive learning I denote the situation in which RS prescribes randomizing a positive

but not unitary fraction of periods. When harmful inconclusive learning occurs, the DM has

strictly lower average utility following RS than betting on the risky urns because when he

bets on a color not at random, he is later proven incorrect by the data. For example, RS might

prescribe betting on black after every period in which there are Kb more black draws than white

draws, while the true data generating process for the ambiguous urns is not iid and attaches 0

probability to black when there are Kb more black draws than white draws.

Proposition 4 shows that harmful inconclusive learning is a “necessary evil” of the MEU/multiple-

prior decision criterion. There are no parameter specifications guaranteeing that the RS average

utility is at least as high as that achievable betting on the risky urn, irrespective of the true

data generating process.

Proposition 4. Let M = {Pθ : θ ∈ Θ} be a family of iid Bernoulli distributions parametrized

by Θ.

For all Θ ⊂ (0, 1) and for every compact and regular set C of prior distributions on Θ,there

exists a true probability Pθ0 such that harmful inconclusive learning occurs Pθ0-a.s.
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Proof. It is easy to verify that RS is inconclusive Pθ0 -a.s. when

Pθ0(bt|xt−1) =

 P−(b) = 0 if f∗t (xt−1) = b

P+(b) = 1 if f∗t (xt−1) 6= b;
.

Raiffa’s strategy delivers harmful inconclusive learning Pθ0 -a.s. because it recommends the incorrect

act every time it prescribes b and the correct act at most half of the time it does not prescribes b (half

of the time only if it prescribes randomizing), thus its average utility is lower than that of betting on

the risky urn.

More generally, Hajek (1982) result on the occupation time that a mean reverting process spends

close to its mean reverting point can be used to show that RS is inconclusive Pθ0 -a.s.on

Pθ : Pθ(bt|σt−1) =

 P−(b) < .5 if f∗t (xt−1) = b

P+(b) > .5 if f∗t (xt−1) 6= b
.

Example 3 illustrates Proposition 4.

Example 3 : in the same setting of Example 1,

• harmful inconclusive learning occurs on path x∞ := {B,B,W,B,W....}.

Proof: On x∞ = {B,B,W,B,W....}, for i = 1, 2,

∀t odd ≥ 3, P (xbt |µi) =
µi2

3(
√
.2.8)

t−3
+(1−µi).83(

√
.2.8)

t−3

µi.22(
√
.2.8)

t−3
+(1−µi).82(

√
.2.8)

t−3

∀t even , P (xbt |µi) =
µi2

2(
√
.2.8)

t−2
+(1−µi).82(

√
.2.8)

t−2

µi.2(
√
.2.8)

t−2
+(1−µi).8(

√
.2.8)

t−2

⇒


min{P (xbt |µ1), P (xbt |µ2)} > .5 ∀t odd ≥ 3, min{P (xwt |µ1), P (xwt |µ2)} < .5

max{P (xwt |µ1), P (xwt |µ2)} > .5
∀t even.

⇒ The DM chooses:

 f∗t = f b ∀t odd ≥ 3,

f∗t = fr
∗ ∀t even.
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Therefore,

ū(f∗(x∞)) = O(
1

t
) + lim

t→∞

1

t

t∑
τ=2

u(f∗t )

= lim
t→∞

1

t

t∑
τ=2

u(fu,t(x)

∣∣∣∣∣
τ odd

+ lim
t→∞

1

t

t∑
τ=2

u(fu,t(x)

∣∣∣∣∣
τ even

† =P∗a.s. .5u(0) + .5(.5u(0) + .5u(100))

< .5u(0) + .5u(100)

=Pa.s. ū(fr)

†) The .5u(0) term reflects the fact that the DM choses f b incorrectly in every τ ≥ 3 odd.

The .5(.5u(0) + .5u(100)) term follows from the strong law of large numbers because in

every even period the DM randomizes and wins with probability .5.

5.4 No-learning

In this section, I show that the possibility of no-learning is a special feature of the MEU/multiple

prior criterion. It is an outcome that cannot occur in the absence of ambiguity, i.e., when the set

C of prior distributions is a singleton. An ambiguous averse DM that follows the MEU/multiple

prior criterion is indeed more prudent than a SEU/Bayesian DM.

Proposition 5. Let M = {Pθ : θ ∈ Θ} be a family of iid Bernoulli distributions parametrized

by Θ, exists x∞ : RS delivers no-learning only if C is not singleton.

Proof. Let C be a singleton. First note that on every path in which the limiting average does

not exist RS does not prescribe randomizing a unitary fraction of periods. Second, on every

path in which the limiting average exists, at most two models in Θ can have positive weight in a

positive fraction of periods. Because of the iid assumption, the likelihoods of each model depends

only on past frequencies, and given a frequency there can only be two models equidistant in

K-L divergence. Lastly, with two models, randomizing in most periods is impossible. RS with a

unique prior and two models prescribes randomizing if and only if
µθ1Pθ1 (xt)

µθ2Pθ2 (xt) = 1. RS prescribing

randomizing a positive fraction of periods implies ∃t, t+ 1 :

µθ1Pθ1(xt)

µθ2Pθ2(xt)
= 1 =

µθ1Pθ1(xt+1)

µθ2Pθ2(xt+1)
:=

Pθ1(xt+1)µθ1Pθ1(xt)

Pθ2(xt+1)µθ2Pθ2(xt)
=
Pθ1(xt+1)

Pθ2(xt+1)
,

which is impossible because Pθ1(xt+1) 6= Pθ2(xt+1)

13



Proposition 5 shows that randomizing in every period is never an outcome of the SEU/Bayes

decision criterion, while examples show that it is a possible outcome of the MEU/multiple prior

criterion. Broadly speacking, a decision maker with a rich set of priors randomizes more often

than if he had a unique prior because he needs more evidence in favor of each color to be

persuaded to bet on that color than if he had a unique prior. Example 4 illustrates this result.

Example 4: in the same setting of example 1,

• No-learning : occurs on path x∞ := {W,B,W,B, ....}.

Proof: On x∞ = {B,W,B,W....}, for i = 1, 2,

∀t odd, P (xbt |µi) =
µi.2(

√
.2.8)

t−1
+(1−µi).8(

√
.2.8)

t−1

µi(
√
.2.8)

t−1
+(1−µi)(

√
.2.8)

t−1

∀t even, P (xbt |µi) =
µi(.2.8)(

√
.2.8)

t−2
+(1−µi)(.2.8)(

√
.2.8)

t−2

µi.2(
√
.2.8)

t−2
+(1−µi).8(

√
.2.8)

t−2

⇒

 min{P (xbt |µ1), P (xbt |µ2)} < .5

max{P (xbt |µ1), P (xbt |µ2)} > .5
,∀t

⇒ the DM randomizes in every periods: ∀t, f∗t = fr
∗

t .

⇒ ū(f∗) =P∗-a.s. .5u($100) + .5u(0) =P -a.s. ū(fr);

where the two equalities follow by the strong law of large numbers.

Note that if C were a singleton, RS would recommend randomizing at most on 50% of the

periods (when µ is Uniform).

6 Discussion

6.1 How general is the harmful learning problem?

My result might suggest that the inconsistency between the most useful model and the maximum

likelihood model is due to the discontinuity of the loss function and thus is idiosyncratic of

categorization problems. This is not the case. While the mismatch between maximum likelihood

model and the most useful model is never an issue when the utility (loss) function is log, this

is not the case for other continuous utility (loss) functions. A sufficient condition for standard

Bayes’ to deliver robust statistical decisions is to have a utility (loss) function that depends

only on the moments of the posterior distribution and a convex learning problem (for example,

a learning problem is convex if it involves a member of the exponential family with connected

prior support). While the first requirement is mild in economic settings, the second one is not.

We refer the interested reader to Grünwald et al. (2017) and Csaba and Szoke (2018) for more

detailed discussions. My result exhorts caution in these situations in which a decision criterion

prescribes switching discontinuously between statistical models. For example, it formalizes the
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intuition that using different stock evaluations criteria (e.g., different valuation from fundamental

analysis, opinions of a pool of experts, or empirical methods) and deciding to buy and hold a

stock only if all criteria indicate that the stock is undervalued — as routinely recommended

in portfolio evaluation textbooks — is a dangerous practice because it generates sub-optimal

out-of-sample returns in all those cases in which the “best” stock changes over time often —

e.g., because stock returns follow a mean-reverting process.

6.2 Comparing Raiffa’s strategy with fictitious play

A way to understand the suboptimal performance of RS under “harmful inconclusive learning”

is to draw a parallel between RS and known results about the possibility of underperformance

of the fictitious play dynamics, FP henceforth, in repeated game (Brown, 1951; Fudenberg and

Levine, 1998). When Θ is the whole simplex and C contains only one Beta prior, the choices

prescribed by RS coincide with the best response dynamic of FP (for some initial weights). In

every period, RS (FP) prescribes choosing the act that is the best response to the weighted

frequency of past realizations (action of the opponent). As per FP, the sequences in which RS

underperforms against randomizing in every period — the minimax Nash equilibrium — are

those in which there is a positive fraction of periods in which the action recommended by the

best response function changes. This eventuality can occur only if the data generating process

is not iid as erroneously assumed by the DM (player).

When C is not a singleton, the main difference between RS and FP is that the RS is more

cautious than FP since it prescribes randomized actions more often than the FP. While FP

prescribes randomizing only if the posterior calculated from a unique prior does not support

bets on a color, RS prescribes randomizing in all those cases in which there are at least two

posteriors that do not support bets on the same color. Example 5 illustrates these observations.

Example 5: in the same setting of Example 1, suppose that the DM subjectively believes

that realizations are iid and that all compositions of the urn are possible. Formally, he believes

that ∀t, θt = θ ∈ Θ = (0, 1) where θ the proportion of black balls in the urn. The DM’s

prior information of the composition of the urn is represented by the family of Beta priors with

parameters in two strictly positive, finite intervals: C = {Beta(α, β), α ∈ (0,∞), β ∈ (0,∞)} on

Θ. Taking advantage of the conjugacy of the Beta prior, standard calculation shows that RS

prescribes as follows: 
f∗t = f b if

∑t−1
τ=1 I{b(xτ )>.5} > 0

f∗t = fw if
∑t−1
τ=1 I{w(xτ )>.5} > 0

f∗t = fr
∗

Otherwise

;
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where b(xt) := minα,β
α+tb(x

t)
t+α+β and w(xt) := minα,β

β+tw(xt)
t+α+β is the expected probability of black

and the expected probability of white according to the most conservative posterior obtained from

the priors in C, respectively, and tb(x
t) = t − tw(xt) is the number of black balls drawn before

t on xt. If C is a singleton b(xτ ) = 1 − w(xτ ), RS coincide with FP and randomization is

not generic. Otherwise, there are numbers Kb and Kw such that RS prescribes randomizing

whenever the difference between the number of black draws and white draws belongs to the

interval (Kw,Kb).

6.3 A solution to our DM problem

In the previous sections I have shown that the MEU/multiple-prior criterion suffers the same

type of misspecification problems as does the SEU/Bayes’ criterion. Adding a more conservative

decision criterion and a more conservative learning rule is not enough to hedge against dynamic

ambiguity. I identified two types of misspecification problem that may occur: harmful learning

and harmful inconclusive learning. These two problems are qualitatively different and have

different solutions. While the first one is a “necessary evil” of the MEU/multiple-prior decision

criterion, the second one can be avoided by using a natural symmetry assumptions (Proposition

2).

Is there a way for the DM to take advantage of the learning opportunity and yet be completely

hedged against Nature? Computer scientists and game theorists have given positive answer to

this question. There are existing algorithms that guarantee the DM an average payoff equal

to its minimax Nash payoff while being able to take advantage of profitable situations. These

algorithms are refinement of the HEDGE algorithm (Freund and Schapire, 1997) and smooth

fictitious player (Fudenberg and Levine, 1998) and have been developed with the goal of reducing

the regret in the face of “bad” sequences by allowing the DM to condition his decisions on the

observed history. An alghoritm that is readily applicable to our decision problem is the FLIP-

FLOP algorithm of De Rooij et al. (2014), which guarantees an average utility as good as that

of minimax Nash on “hard” paths and an average utility as high as that of the best actions on

“easy” paths — specifically, on “hard” paths the sum utilities differs at most by a constant from

the sum of minimax utilities, and on “easy” paths differ at most by a constant from that obtained

betting on the correct color. This algorithm prescribes switches from a smooth randomization,

when the number of white draws is similar to that of black draws, to the deterministic best

response to past frequency when one color has many more realizations than the other.

Smooth fictitious player (Fudenberg and Levine, 1998) and its variations cannot be readily

applied to our decision problem because they require knowledge of the total (finite) number of
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bets.

A Appendix

Lemma 1. If RS delivers no-learning then ū(f∗(x∞)) = ū(fr(x∞)) P ∗×P -a.s..; where P and

P ∗ are the probability of the risky urn and of the coin, respectively.

Proof. If RS delivers no-learning the DM randomizes a unitary fraction of periods and the result follows

by the strong law of large numbers.
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